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ABSTRACT 

This paper establishes an elegant scientific framework for finding the exact solution of the space-fractional Euler-

Bernoulli beam equation by applying the integral Rohit Transform (IRT). The governing fractional differential 

equation of order  4𝛼, which is based on the Caputo derivative, is transformed into an algebraic equation in the 

transform domain. Solutions in closed form are derived for a loading distribution that is uniform, and the classical 

beam solution is obtained as a special case when 𝛼 = 1. Graphical results show how the fractional order affects the 

structural stiffness and the deflection behavior of the structure. The method constitutes an analytical framework that 

is not only general but also seamlessly links classical and nonlocal fractional beam theories. 

Keywords: Fractional beam theory; Integral Rohit transform (IRT); Caputo derivative; Nonlocal elasticity; 

Integral transforms; Structural mechanics; Gamma function; Analytical solution. 

1. INTRODUCTION

The classical Euler-Bernoulli beam theory is the basic 

theory of beam bending due to transverse load. It has 

been the basis of structural mechanics for more than a 

hundred years [1, 2]. The governing equation is 

𝐸𝐼
𝑑4𝑣(𝑥)

𝑑𝑥4
= 𝑞(𝑥). 

In the equation, ‘E’ represents the modulus of 

elasticity, ‘I’ is the area moment of inertia, and ‘q(x)’ 

is the load distribution. Nevertheless, the classical 

theory does not take into account the concepts of 

locality and integer order differentiation. Micro-

structured solids, polymers, and nanobeams are 

examples of modern materials that show nonlocal and 

memory-dependent behaviors that can be more 

accurately modeled through the use of fractional 

derivatives [3–6]. There are a number of works on 

fractional beam formulations based on the Caputo 

operator and nonlocal elasticity [5-8]. Among the 

solution techniques, integral transform methods like 

the Laplace transform and the Fourier transform enjoy 

popularity when dealing with fractional differential 

equations [9, 10]. Inspired by these methods, the 

authors make use of the Integral Rohit Transform 

(IRT) [11, 13] with a cubic kernel to obtain closed-

form solutions of the fractional beam equation. 

2. MATHEMATICAL PRELIMINARIES

2.1 Caputo Fractional Derivative 

The Caputo derivative of order 𝛽 (with 𝑛 − 1 < 𝛽 ≤

𝑛) is defined as [14-18]: 

𝐷𝑥
𝛽

𝑓(𝑥) =
1

Γ(𝑛 − 𝛽)
∫ (𝑥 − 𝜏

𝑥

0

)𝑛−𝛽−1𝑓(𝑛)(𝜏)𝑑𝜏 

2.2 Integral Rohit Transform (IRT) 

The IRT is defined as [11-13]: 

ℛ3{𝑓(𝑥)} = ∫ 𝑓(𝑥)
∞

0

𝑠3𝑒−𝑠𝑥𝑑𝑥

2.3 Transform of Fractional Derivatives 

For the Caputo derivative [4-6], 
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ℛ{𝐶𝐷𝑡
𝛼𝑓(𝑡)} = [𝑠𝛼𝐹𝑅(𝑠) − ∑ 𝑠𝛼+2−𝑘𝑓(𝑘)(0)

𝑛−1

𝑘=0

]. 

3. FRACTIONAL EULER–BERNOULLI BEAM

EQUATION 

Consider the space-fractional beam equation [19-22] 

of order 4𝛼, 0 < 𝛼 ≤ 1: 

𝐸𝐼𝐷𝑥
4𝛼𝑣(𝑥) = 𝑞(𝑥).

Here, 𝐷𝑥
4𝛼 is the Caputo fractional derivative of

order 4𝛼. 

When 𝛼 = 1, the classical fourth-order beam equation 

is recovered. 

Solution Using IRT 

Step 1: Apply the IRT 

𝐸𝐼ℛ3{𝐷𝑥
4𝛼𝑣(𝑥)} = ℛ3{𝑞(𝑥)}

Step 2: Using the fractional IRT property [23] 

ℛ3{𝐷𝑥
4𝛼𝑣(𝑥)} = [𝑠4𝛼𝑉(𝑠) − ∑ 𝑠4𝛼+2−𝑘

𝑚−1

𝑘=0

𝑣(𝑘)(0)] 

Thus, 

𝐸𝐼 [𝑠4𝛼𝑉(𝑠) − ∑ 𝑠4𝛼+2−𝑘

𝑚−1

𝑘=0

𝑣(𝑘)(0)] = 𝑄̃(𝑠) 

Step 3: Uniformly Distributed Load 

Let 𝑞(𝑥) = 𝑞0, then

𝑄̃(𝑠) = 𝑠3 ∫ 𝑞0

𝐿

0

𝑒−𝑠𝑥𝑑𝑥 = 𝑞0𝑠3
1 − 𝑒−𝑠𝐿

𝑠

= 𝑞0𝑠2(1 − 𝑒−𝑠𝐿)

Step 4: Solve for 𝑽(𝒔) 

For a supported beam at the origin [1,2]: 

𝑣(0) = 0, 𝑣(𝐿) = 0, 𝑎𝑛𝑑 

𝑀(0) = 𝐸𝐼𝑣′′(0) = 0. 

Therefore, ignoring initial terms for a supported beam 

at the origin, we have 

𝐸𝐼𝑠4𝛼𝑉(𝑠) = 𝑞0𝑠2(1 − 𝑒−𝑠𝐿)

Thus,  

𝑉(𝑠) =
𝑞0𝑠2

𝐸𝐼𝑠4𝛼
=

𝑞0

𝐸𝐼
𝑠−(4𝛼−2)(1 − 𝑒−𝑠𝐿) 

Step 5. Inverse IRT 

We know [23, 24] 

For x <  L, 𝑈(𝑥 − 𝐿) = 0. 

ℛ3
−1{𝐹(𝑠)} = 𝑓(𝑥).

ℛ3
−1[𝑒−𝑠𝐿𝐹(𝑠)] = [𝑓(𝑥 − 𝐿)𝑈(𝑥 − 𝐿)].

ℛ3 {𝑥𝑛} =
Γ(𝑛 + 1)

𝑠𝑛−2
. 

Therefore, applying the inverse IRT and simplifying, 

we have 

𝑣(𝑥) =
𝑞0

𝐸𝐼

𝑥4𝛼

Γ(4𝛼 + 1)

This matches the classical solution derived by direct 

integration [1,3]. 

4. CLASSICAL CASE

For 𝛼 = 1: 

Γ(5) = 24 

Hence, 

𝑣(𝑥) =
𝑞0𝑥4

24𝐸𝐼

which matches classical Euler-Bernoulli beam theory 

[1, 2].  

5. COMPARATIVE ANALYSIS OF INTEGRAL

TRANSFORMS FOR THE FRACTIONAL

EULER-BERNOULLI BEAM EQUATION

The governing fractional beam equation is considered: 

𝐸𝐼 𝐷𝑥
4𝛼𝑤(𝑥) = 𝑞(𝑥), 0 < 𝛼 ≤ 1.

A comparison of IRT with Other Integral Transforms 

has been provided in the Table 1. 
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Table 1: Comparison of IRT with Other Integral Transforms. 

Transform 

Method Kernel 

Fractional 

Derivative 

Handling 

Inversion 

Complexity 

Boundary 

Condition 

Implementation 

Closed-Form 

Solution for 

Uniform Load 

Computatio

nal Cost 

Integral Rohit 

Transform 

(IRT) 𝑠3𝑒−𝑠𝑥

Direct 

algebraic 

reduction 

𝐷4𝛼 → 𝑠4𝛼

Moderate 

(explicit 

analytic 

inverse) 

Naturally 

embedded via 

polynomial 

terms 

𝑤(𝑥)

=
𝑞0

𝐸𝐼

𝑥4𝛼

Γ(4𝛼 + 1) Low 

Laplace 

Transform 𝑒−𝑠𝑥

Well-

established 

fractional 

property Moderate 

Requires 

additional 

algebraic 

manipulation 

Same solution 

recovered Low 

Fourier 

Transform 𝑒−𝑖𝑘𝑥

Works mainly 

for infinite 

domains 

High 

(inverse 

integral) 

Difficult for 

finite beams Not convenient Moderate 

Sumudu 

Transform 𝑒−𝑥/𝑢

Similar to 

Laplace 

scaling Moderate 

Comparable to 

Laplace Recoverable Low 

Elzaki 

Transform 𝑠𝑒−𝑥/𝑠

Algebraic 

similarity to 

Laplace Moderate 

Slightly more 

complex Recoverable Moderate 

Natural 

Transform 

Hybrid 

Laplace

–

Sumudu 

Handles 

fractional 

operators Moderate 

Similar to 

Laplace Recoverable Moderate 

Adomian 

Decomposition 

Series-

based 

Iterative 

fractional 

expansion 

High (series 

truncation) 

Imposed term-

by-term Approximate High 

6. DISCUSSION

The cubic kernel: 𝐾(𝑠, 𝑥) = 𝑠3𝑒−𝑠𝑥, retains the 

property of linearity. Third-order-weighted transform 

operators can be naturally aligned. It simplifies 

algebraic manipulation. Fractional operators can be 

extended easily. The technique bypasses the 

eigenfunction expansion necessary for the Fourier-

based solution [10]. 

6.1 Analytical Observations 

A. Kernel Influence

The cubic kernel 𝑠3𝑒−𝑠𝑥 in IRT is in perfect harmony 

with the 4th-order beam operator. It allows an easy 

reduction of the algebraic load for polynomial-type 

loads. It increases the conditioning of fractional power 

𝑠4𝛼. This is a structural advantage over the classical 

Laplace transform, where no preconditioning exists. 

B. Inversion Structure

For IRT: 

ℛ3{𝑤(𝑥)} = 𝑊(𝑠)

Inverse: 

𝑤(𝑥) = ℛ3
−1{𝑊(𝑠)}

Using property [24]: 

ℛ3
−1 {

1

𝑠4𝛼−2
} =

𝑥4𝛼

Γ(4𝛼 + 1)

Inversion Structure gives a direct closed-form 

expression without convolution integrals. Fourier 

inversion, on the other hand, necessitates contour 

integration. 

C. Numerical Stability

For α = 0.6, 0.8, and 1, IRT and Laplace give the same 

analytical results. Series-based methods (ADM, VIM) 

display truncation error. The Fourier-based method is 

not suitable for a finite beam without the use of 

extension techniques.  
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D. Graphical Results

Figure 1: Fractional beam deflection (α = 0.6) 

Figure 2: Fractional beam deflection (α = 0.8) 

Figure 3: Fractional beam deflection (α = 1) 

Figure 4: Overlay plot 

Figures 1, 2, and 3 display numerical plots for = 0.6, 

0.8, and 1, respectively. Figure 4 shows the 

comparative overlay plot. 

Among the overlay figures, α = 1.0 (classical beam) 

corresponds to a minimum deflection magnitude. α = 

0.8 results in increased beam flexibility as compared 

to the classical case. α = 0.6 reveals the strongest 

nonlocal softening effect with the largest deflection.  

The deflection becomes larger with the decrease of the 

fractional order. The curvature distribution gets less 

sharp as it decreases. The model allows for a great 

degree of flexibility in nonlocal materials. At α = 1, the 

classical Euler-Bernoulli theory is perfectly restored.  

7. CONCLUSION

Using the Integral Rohit transform, a fully analytical 

solution of the fractional Euler-Bernoulli beam 

equation was obtained. The procedure provides 

closed-form expressions for deflection, rederives the 

classical beam theory, and is self-consistent in 

extending local structural models to nonlocal ones. 

The method is deemed to have a high level of 

attractiveness for fractional structural mechanics and 

vibration analysis at the cutting-edge level. 

REFERENCES 

[1] Riewe, F. (1997). Mechanics with fractional

derivatives. Physical Review E, 55(3), 3581–

3592.

https://doi.org/10.1103/PhysRevE.55.3581

International Journal of Trendy Research in Engineering and Technology
Volume 10 Proceedings of RISET-26  

____________________________________________________ ISSN No. _______________2582-0958

 www.trendytechjournals.com 28

https://doi.org/10.1103/PhysRevE.55.3581


[2] Di Paola, Mario & Pinnola, Francesco &

Zingales, Massimiliano. (2013). Fractional

differential equations and related exact

mechanical models. Computers & Mathematics

with Applications. 66.

https://doi.org/10.1016/j.camwa.2013.03.012

[3] Mainardi, F. (2010). Fractional calculus and

waves in linear viscoelasticity: An Introduction

to Mathematical Models. World Scientific.

Pages: 368. https://doi.org/10.1142/p614

[4] Kilbas, A.A., Srivastava, H.M. and Trujillo, J.J.

(2006) Theory and Applications of Fractional

Differential Equations, Vol 204. Elsevier Science

B.V., Amsterdam.

https://doi.org/10.1016/S0304-0208(06)80001-0

[5] Carpinteri, A, and F Mainardi. “Fractals and

Fractional Calculus in Continuum Mechanics /.”

Wien; Springer, 1997. Web.

https://doi.org/10.1007/978-3-7091-2664-6

[6] Podlubny, I. Fractional Differential Equations;

Academic Press: San Diego, CA, USA, 1999.

[7] Bagley, R. L., & Torvik, P. J. (1983). Fractional

calculus - A different approach to the analysis of

Visco elastically damped structures. AIAA 

Journal, 21(5), 741–748.

https://doi.org/10.2514/3.8142

[8] Adomian, G. (1994). Solving frontier problems of

physics: The decomposition method. Springer.

https://doi.org/10.1007/978-94-015-8289-6

[9] Debnath, L., & Bhatta, D. (2015). Integral

transforms and their applications (3rd Ed.). CRC

Press.

[10] Hershey, D. (1973). Laplace Transforms. In:

Transport Analysis. Springer, Boston, MA.

https://doi.org/10.1007/978-1-4613-4484-1_2

[11] Rohit Gupta, Rahul Gupta and Dinesh Verma,

Solving General Differential Equations of

Fractional Orders Via Rohit Transform, Kirkuk

Journal of Science, 19(2), p.1-16, 2024.

https://doi.org/10.32894/kujss.2024.146592.113

7

[12] Gupta R, Gupta R. Solving One-Dimensional

Non-Linear Klein-Gordon Equations via

Combining Adomian Polynomials and Rohit

Transform Method. IJP. 2024, 22(3):1-16.

https://doi.org/10.30723/ijp.v22i3.1236

[13] R. Gupta, On Novel Integral Transform: Rohit

Transform and Its Application to Boundary

Value Problems, ASIO Journal of Chemistry,

Physics, Mathematics & Applied Sciences, 4(1),

08-13 (2020). 

https://papers.ssrn.com/sol3/papers.cfm?abstrac

t_id=4320116  

[14] Lazopoulos, K. A. (2006). Nonlocal continuum

mechanics and fractional derivatives. Mechanics

Research Communications, 33(6), 753–757.

https://doi.org/10.1016/j.mechrescom.2006.05.0

01

[15] Li, C., & Zeng, F. (2015). Numerical Methods

for Fractional Calculus (1st ed.). Chapman and

Hall/CRC. https://doi.org/10.1201/b18503

[16] Gorenflo, R., Mainardi, F. (1997). Fractional

Calculus. In: Carpinteri, A., Mainardi, F. (eds)

Fractals and Fractional Calculus in Continuum

Mechanics. International Centre for Mechanical

Sciences, vol 378. Springer, Vienna.

https://doi.org/10.1007/978-3-7091-2664-6_5

[17] Baleanu, D., Diethelm, K., Scalas, E., & Trujillo,

J. J. (2012). Fractional calculus: Models and

numerical methods. World Scientific.

https://doi.org/10.1142/8180

[18] He, J. H. (1999). Variational iteration

method. International Journal of Non-Linear

Mechanics, 34(4), 699–708.

https://doi.org/10.1016/S0020-7462(98)00048-1

[19] S. P. Timoshenko and J. M. Gere, Theory of

Elastic Stability (2nd Ed.). New York: McGraw-

Hill, 1961.

[20] Tarasov, V. E. (2021). General Fractional

Dynamics. Mathematics, 9(13), 1464.

https://doi.org/10.3390/math9131464

[21] Machado, J. T., Kiryakova, V., & Mainardi, F.

(2011). Recent history of fractional

calculus. Communications in Nonlinear Science

International Journal of Trendy Research in Engineering and Technology
Volume 10 Proceedings of RISET-26  

____________________________________________________ ISSN No. _______________2582-0958

 www.trendytechjournals.com 29

https://doi.org/10.1016/j.camwa.2013.03.012
https://doi.org/10.1142/p614
https://doi.org/10.1016/S0304-0208(06)80001-0
https://doi.org/10.1007/978-3-7091-2664-6
https://doi.org/10.2514/3.8142
https://doi.org/10.1007/978-94-015-8289-6
https://doi.org/10.1007/978-1-4613-4484-1_2
https://doi.org/10.32894/kujss.2024.146592.1137
https://doi.org/10.32894/kujss.2024.146592.1137
https://doi.org/10.30723/ijp.v22i3.1236
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4320116
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4320116
https://doi.org/10.1016/j.mechrescom.2006.05.001
https://doi.org/10.1016/j.mechrescom.2006.05.001
https://doi.org/10.1201/b18503
https://doi.org/10.1007/978-3-7091-2664-6_5
https://doi.org/10.1142/8180
https://doi.org/10.1016/S0020-7462(98)00048-1
https://doi.org/10.3390/math9131464


and Numerical Simulation, 16(3), 1140–1153. 

https://doi.org/10.1016/j.cnsns.2010.05.027  

[22] Diethelm, K. (2010). The analysis of fractional

differential equations. Springer.

https://doi.org/10.1007/978-3-642-14574-2

[23] Rohit Gupta, R. Gupta, and D. Verma, “Solving

Undamped and Damped Fractional Oscillators

via Integral Rohit Transform”, Al-Mustansiriyah

J. Sci., vol. 35, no. 3, pp. 1–14, Sep. 2024.

https://doi.org/10.23851/mjs.v35i3.1541.

[24] Rohit Gupta Rotu et al. 2024. Analysis of

Loaded Beam, Cantilever, and Elongated

Vertical Column via Integral Rohit

Transform. Ibn AL-Haitham Journal for Pure

and Applied Sciences. 37, 4 (Oct. 2024), 381–

391. https://doi.org/10.30526/37.4.3928.

International Journal of Trendy Research in Engineering and Technology
Volume 10 Proceedings of RISET-26  

____________________________________________________ ISSN No. _______________2582-0958

 www.trendytechjournals.com 30

https://doi.org/10.1016/j.cnsns.2010.05.027
https://doi.org/10.1007/978-3-642-14574-2
https://doi.org/10.23851/mjs.v35i3.1541.
https://doi.org/10.23851/mjs.v35i3.1541.
https://doi.org/10.30526/37.4.3928

